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Abstract
Line tracking is essential for many real world applications of computer vision. In thispaper, we propose a computationally 
HI¿FLHQW OLQH WUDFNHU WKDW FDQ UREXVWO\ DQGDFFXUDWHO\ WUDFN lines in an image. We use amultiple-model-.DOPDQ¿OWHU 00.)
scheme which can handle line tracking accurately and robustly. The basic idea is to run N multiple sub-Kalman ¿OWHUVLQSDUDOOHO
(DFK¿OWHULVFRQ¿JXUHGWRXVHa different state transition PRGHO$OOWKH¿OWHUVDUHXSGDWHGE\WKHPHDVXUHPHQWDWWKHVDPHWLPH
IROORZLQJ WKHFRQYHQWLRQDO.DOPDQ¿OWHUXSGDWHSURFHVV7KH¿QDOSUHGLFWLRQ LVa combination of outputs from all the Kalman 
¿lter modules. Theexperimental result shows that the proposed system can track a line robustly in real time. The result is useful 
in shape detection and should be suitable for building mobile projector applications.
© 2013 The Authors. Published by Elsevier B.V.
Selection and peer-review under responsibility of the Faculty of Information Science and Technology, Universiti Kebangsaan 
Malaysia.
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1. Introduction
In computer vision applications there is often a need to track rectangular and quadrangular objects. For example, 
in the literature, there is work for detecting and tracking quadrangles from images to assist the projector-camera 
system for displaying virtual objects on a piece of white card board or paper [1][2]. In these work,Canny edge 
detector and Hough line transform [3] are used to obtain the line features. Then an exhausted search over the line 
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combinations is carried out to find four lines which can form a good quadrangle. Finally, the four corners of the 
GHWHFWHGTXDGUDQJOHDUHWUDFNHGZLWKDSDUWLFOH¿OWHU=KDQJ¶VDSSURDFK>4] is slightly different; it projects the edge 
map from a Sobel edge detector to the Hough space and carries out the exhausted search and evaluates the result 
directly in the Hough space. Then, when a quadrangle is detected, dynamic programming is employed to track the 
pose and location of the detected quadrangle. We think that although these detection methods can achieve acceptable 
results, the performance can certainly be improved by adding Kalman filter based tracking. We found that line 
tracking by KalmaQ¿OWHU.))[5@DQGH[WHQGHG.DOPDQ¿OWHU(.)have been investigated in the work of Mills[6,
7], the tracking procedure is performed in the Hough space for reliable line tracking even partial occlusion exists.
And in [8], Condensation[9] is also employed for tracking the set of lines in the Hough space. However, poor 
PRGHOLQJ LQ WKH.DOPDQ¿OWHUPD\ OHDG WR ODUJHHVWLPDWLRQerror [10]. For example, if the line is too close to the 
origin, Hough-transform line feature detection (that Kalman filter depends on) would be difficult to function. To 
address this problem, Multiple Model Adaptive Estimation algorithm (MMAE) is proposed to be used [11] and the 
0XOWLSOH0RGHO.DOPDQ¿OWHU00.)LVXVHGDVDVWRFKDVWLFYHUVLRQRI00$(LQ>12] and [13]. In this paper, we 
investigate the use of MMKF and apply it to line tracking. We believe the MMKF is useful to improve the 
UREXVWQHVVDQGVWDELOLW\ZLWK OLWWOHVDFUL¿FHRIVSHHG7KHSURSRVHG00.)PHWKRG is not only useful for tracking 
lines but may also be extended to handle other shapes such as quadrangleand pentagon etc. We believe using this 
method we can produce a robust line detector for low-cost mobile camera-projector systems. In section II, the 
rationale and the design of our method will be discussed. Section III is about the details of the implementation. 
Experimental results are discussed in section IV and we conclude the whole paper in section V.
2. Theory and Design
2.1. Basic Idea
$OLQHVHJPHQWFDQEHGH¿QHGE\LWVWZRHQGSRLQWV+RZHYHUocclusion of these two end points isunavoidable in 
many real world situations. In this paper, a line L is represented by using the conventional polar coordinates of r and 
ș[7]. The point C is the closest point between the line and the origin (of the coordinate system used), and r is the 
shortest distance between the origin to c. And ș LV WKHDQJOHbetween the horizontal axis and the vector from the 
origin to C.The x-y coordinate of C LVWUDFNHGXVLQJWKH.DOPDQ¿OWHU
A sLQJOH.DOPDQ¿OWHUscheme alone cannot yield good result especially when the target line is near (e.g. ris only 
a few pixel long) or almost passing through the origin. To solve this problem, we propose to use multiple 
LQGHSHQGHQW.DOPDQ¿OWHUVWRWUDFNDOLQHLHHDFK.DOPDQ¿OWHUXVHVDGLIIHUHQWFRRUGLQDWHsystem with a different 
center (origin). To make this effective, we need to select the relative positions of the N (t3) coordinate systems so 
that the origins are not collinear. The effect is even if a line is close to the origin(s) of one or two coordinate systems
it would be far away from the origins of the other coordinate systems.We believe that by using this multiple models 
scheme, the prediction accuracy and reliability can be improved.
2.2. Kalman filter design
The x,y coordinates of the closest point C of a line L is being WUDFNHGXVLQJWKH.DOPDQ¿OWHU.):HDVVXPH
the closest point is moving with a constant acceleration, and the motion in both x-axis and y-axis are independent 
and linear. The motion of the closest point C can be described using the equation of motion inthe x-axis:
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Where ttt xxx  and, are the displacement, velocity and acceleration respectively of the closet point C in frame i in 
the x-direction. Similarity, ttt yy yand,  are the displacement, velocity and acceleration respectively of the closet 
point C in frame i in the y-direction. t' is the time interval between two consecutive frames.
The state matrix tX and the measurement matrix tZ of the Kalman filter at time t are:
> @ > @TtttTttttt yxZyyxxX           ,
Derived from the equations of motion, the state transition model A andthe observation model H are:
2.3. Our line tracing algorithm
The multiple-PRGHO.DOPDQ¿OWHU00.)SDUDGLJPLVXVHGLQRXUWUDFNHU7KHEDVLFLGHDRI00.)LVWRUXQ1
multiple sub-.DOPDQ ¿OWHUV LQ SDUDOOHO (DFK ¿OWHU LV FRQ¿JXUHG WR XVH a different state transition model (e.g. a
different coordinate system for a different model)$OOWKH¿OWHUVDUHXSGDWHGE\WKHPHDVXUHPHQWat the same time 
IROORZLQJWKHFRQYHQWLRQDO.DOPDQ¿OWHUXSGDWHSURFHVV7KH¿QDOSUHGLFWLRQLVWKHZHLJKWHGVXPRIWKHSUHGLFWLRQV
from all .DOPDQ¿OWHU modules.
Fig. 1. The overview of the line tracker. KF=Kalman filter.
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Figure 1 shows the overview of our line tracker. Zk is the measurement at time k. And it is transformed to the 
coordinate system of the i-th .DOPDQ ¿OWHU GHQRWHG DVKFi) by the transformation Ti into Zk,i. State Xk,I is the 
prediction of the state of the closest point in the next frame by the i-th .DOPDQ¿OWHUAll the prediction results are 
transformed back to one common coordinate system by applying the corresponding inverse transformation (Ti)
-1.
)LQDOO\DOLQH¿tting function will be applied to ¿QGWKH¿QDOSUHGLFWLRQ of the line.
,QRXUWUDFNHUHDFK¿OWHUXVHVDGLIIHUHQWFRRUGLQDWHV\VWHP. And if the origins of all these coordinate systems are 
not collinear (as discussed earlier),the line cannot pass through theseorigins at the same time. This is to ensure that 
even whenr in one model is small, the values of r in other models are large enough to give a correct result. The 
prediction of each sub-.DOPDQ ¿OWHU LV WKH SRVLWLRQ DQG YHORFLW\ RI WKH FORVHVW SRLQW %\ GLVFDUGLQJ WKH YHORFLW\
terms, we can obtain a set of closest (C) points that should lie on a straight line as shown in Figure 2.We can use a 
OHDVWVTXDUHV¿WWLQJPHWKRGWR¿QGDEHVW¿WOLQHWKDWPLQLPL]HVWKHVXPRIVTXDUHHUURUVDPRQJWKHOLQHDQGclosest 
(C) points.
3. Implementation
In our implementation, each sub-.DOPDQ¿OWHU is LQLWLDOL]HGZLWK WKHFORVHVWSRLQWRI WKH OLQH LQ WKH¿UVW LPDJH
frame and the posteriori error covariance matrices are set to zero. The number of sub-.DOPDQ¿OWHUV(N) should be at 
least three as discussed earlier in section 2.1.
Fig. 2. A line L viewed from different coordinate systems.
In Figure 2, three different coordinate systems with origins at O”, O’ and O, are shown. These origins can be placed
arbitrary inside the image frame. The closest point of coordinate system centered at O to line L is C. In the 
coordinate system centered at O, the vector from C to O is r
*
, and the length of r
*
is r. The angle between the 
horizontal axis and the vector r
*
is T. Similar notations are used in the coordinate systems with centers at O’ and O”. 
The points C”, C’ and C may be outside the camera frame, however, they can be calculated mathematically and used 
in our algorithm.For real image calculation, we can use Canny edge detector and Hough transform to find a line
candidate first and then calculate the required C for each Kalman filter.
4. Experiments
To evaluate the robustness and stability of our proposed trackers, we generate a set of synthetic data to simulate 
different kinds of movements, e.g. motion with small r and complex motions with mixed translation or rotation. In 
WKHGDWDVHWWKHWZRHQGSRLQWVRIWKHOLQHVDUHJLYHQ7KHOHQJWKRIWKHOLQHLVQRW¿[HGIRUVRPHGDWDVHWWRVLPXODWH
the lines extracted in real images. The overlap ratio is used to evaluate how good the line tracker is performing. We 
¿UVWGUDZWKHSUHGLFWHGOLQH(ground truth) with n pixels thick (it becomes a ground truth range of a line) and draw 
the line found by our algorithm on top of it. The overlap ratio is the percentage of the number of pixels of the line 
detected inside the ground truth range over the total number of pixels of the line detected. If the line found is 
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completely inside the ground truth range, the overlap ratio is 100% and so on. The width of the ground truth rangeis 
to provide a certain tolerance for the results.Because there may be error accumulated in different processes like 
Canny edge detection, Hough transform and rounding error in the calculation. The width is set to 2 pixels 
throughout all the experiments conducted.
4.1. Experiment 1:Small value of r
This experiment tests the performance when one of the end points is near the origin (0,0). The end point near the 
origin is moving in circular motion centering at the origin and with a radius of 5 pixels. The other end point is also 
moving in circular motion at a randomly generated motion-center which is at least 100 pixels away from the origin 
and the radius is ranged from 10 to 50 pixels. 20 sets of motion-center and radius pairs are generated andeach line 
moves for 40 frames. The average score is shown in Figure 4. The average score of 3KF, 1KF and 1EKF is 95%, 
71% and 89% respectively. The standard deviation of 3KF, 1KF and 1EKF is 0.034, 0.086 and 0.028 respectively. 
Therefore,3KF gives much better result than 1KF. Our proposed method (3KF) outperforms the other two methods 
(1KF, 2KF). In Figure 4 and 5 the test cases are sorted according to the overlap ratio.
Ground truth range enlcosed 
by the two solid lines
           Measured line (dotted line)
Fig 3. Illustration of how the prediction range and measurement overlap
4.2. Experiment 2: Complex motion
We would like to test the performance of 3KF, 1KF and 1EKF with a line moving with a mixture of transition 
and rotation motion. The two end points are moving in circular motion with randomly generated motion-centers and 
radii. The distance between twomotion-centers is at least 100 pixels. 100 sets of motion-center and radius pairs are 
tested. The lines move for 40 frames. The average score is shown in Figure 5. The average scores of 3KF, 1KF and 
1EKF are 86%, 80% and 32%. The standard deviations of 3KF, 1KF and 1EKF are 0.138, 0.183 and 0.251 
respectively. 3KF outperforms both 1KF and 1EKF. Over 70% of time, the 3KF gives a better result than 1KF and it 
is more stable than the other two methods. In Figure 5, we see that our proposed method (3KF) outperforms the 1KF 
and 2KF line trackers. 
4.3. Experiment 3: Running time
We also recorded the run time of experiment 2 on (i) a Personal Computer (PC) and (ii) a low cost embedded 
system called Mini2440 (the user manual of the Mini2440-FriendlyARM9 board can be found at
http://www.friendlyarm.net/products/mini2440). The PC and the embedded system can process a line at 4900and 
200 frames per second respectively. It is considered as very efficient because of the low computation requirement of 
.DOPDQ¿OWHU:HVHHWKDWHYHQWKHSHUIRUPDQFHRQDORZFRVWHPEHGGHGV\VWHPLVVWLOODFFHSWDEOH
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Fig. 4. The experiment result when r is small. Our approach is 3KF.
Fig. 5. The experiment result of line trackers with complex motion. Our approach is 3KF.
.
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5. Conclusion
$ OLQH WUDFNLQJ PHWKRG DGRSWLQJ WKH0XOWLSOH0RGHO .DOPDQ ¿OWHU SDUDGLJP LV SURSRVHG LQ WKLV SDSHUEach 
Kalman filter works on a state transition scheme based on a particular coordinate system. By combining all the 
outputs of these Kalman filter modules, we can produce robust line tracking results. In our tests, we show that our 
three-Kalman method outperforms the use of a single-Kalman or two-.DOPDQ¿OWHr schemes especially when the 
line is close to the origins of one or two coordinate systems. We have tested with successour algorithm on complex 
random motions of lines involving translational and rotation.It is also suggested that the choices of the locations of 
the coordinate systems may affect the performance, and selection of these coordinates may be a future research 
direction. Our algorithm is also very efficient, and even a small embedded system can process a line at 200 frames 
per second.We believe using this method we can produce a robust line detection method for low-cost mobile 
camera-projector systems.
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